NONREGULAR ULTRAFILTERS ON w,
SEAN COX

ABSTRACT. We obtain lower bounds for the consistency strength
of fully nonregular ultrafilters on ws.

1. INTRODUCTION

A nonregular ultrafilter is a notion which arose from classic ques-
tions in model theory about cardinalities of ultrapowers (see Chang and
Keisler [1]). Nonregularity is a weakening of countable completeness,
and allows for the possibility of a small ultrapower: if an ultrafilter U
on w; has the property that |“*w/U| = wy, then U must be nonregular.

Although in ZFC there is never a countably complete ultrafilter over
a cardinal like w,,, it is consistent relative to large cardinals that there
is a nonregular ultrafilter on w, (n > 1). An upper bound for the
consistency strength of the existence of a nonregular ultrafilter on w;
is w many Woodin cardinals (see Woodin [13]). Laver [12] showed that
if there is an wi-dense uniform ideal on w; and ¢ holds, then there is a
nonregular ultrafilter on w;. Huberich [9] removed the assumption of
0.

The known consistency upper bound for a fully nonregular ultrafilter
on wy is higher. Foreman, Magidor, and Shelah [8] obtained such an
ultrafilter from an almost huge cardinal. Foreman [7] obtains such an
ultrafilter U from a huge cardinal, with many additional properties
including the small ultrapower property which appears in part 2 of
Theorem 1 below.!

Ketonen [11] proved that if there is a nonregular ultrafilter on wy,
then 0% exists. This was later improved by Donder, Jensen, and Kop-
pelberg [5], and then by Deiser and Donder [6]. Deiser and Donder
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showed that the consistency strength is at least a stationary limit of
measurables. In fact, their proof can be slightly modified to show: if
there is a nonregular ultrafilter on w; then either O-sword exists or else

{v < wq|cf(v) = w; and v is measurable in K}

contains an w;-club in V.2 In either case, there is an inner model M
such that V sees an w;-club through M’s measurables below ws.

We build on their argument to obtain lower consistency bounds for
fully nonregular ultrafilters on wo:

Theorem 1. Suppose there is a fully nonreqular ultrafilter U on wo.
Then:

(1) There is an inner model with a cardinal  of Mitchell order k™.
In particular, if 0-pistol does not exist, then letting k = wy , the
Mitchell order of k in the core model K is at least k5.

(2) If |“?wy/U| = wy, then there are mice extenders with multiple
generators (the consistency strength of this is a bit higher than
a measurable cardinal k with Mitchell order k*7 ).

This paper is organized as follows. Section 2 reviews filtrations and
canonical functions. Section 3 reviews some facts about nonregular ul-
trafilters and the related notion of a weakly normal ultrafilter. Section
4 defines the “bounding construction” and proves essential facts about
the construction, most of which are abstracted from [6]. Section 5 is
the proof of part (1) of Theorem 1, and Section 6 is the proof of part
(2) of Theorem 1.

2. FILTRATIONS AND CANONICAL FUNCTIONS

The notation S§ will denote the set {a < k|cf(a) = A}. We will also
write S} instead of Sgm.

As in Deiser and Donder [6] we will make extensive use of canonical
functions. If A is a set of cardinality &, a filtration of A is a continuous
C-increasing sequence (A,|a < k) such that |A,| < k for every o < &
and A =J,.,, A If s is regular and uncountable then any two filtra-
tions of A agree on a club. So if v < kT and (A%|a < k), (BY|a < k)
are filtrations of v, then the functions o — otp(AY) and a — otp(BY)
agree on a club. The equivalence class® of a — otp(A%) is called the

20-sword is an object analogous to 0-sharp; it is an iterable mouse with a top
measure of Mitchell order 1. In the absence of O-sword, the core model K can be
constructed and has many properties that L has in the absence of O-sharp. In this
paper we will use 0-pistol instead, which is a stronger object than O-sword; see
Section 4.

3modulo the equivalence relation on *V defined by agreement on a club.
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v-th canonical function on k. There are also inductive characteriza-
tions of the canonical functions. Let hy be the zero function (on k); if
h, is defined let h,.; := h, + 1; and for limit ¥ < s fix any cofinal
increasing® sequence (vs|6 < cf(v)) in v and define:

| supscegnhus (@) if cf(v) <k
(1) h (o) = { sup5<a;1:5(a) if cf(v) =k
Then for each v < k™, h, represents the v-th canonical function on k.

We will often use constructions of the following form, where « is regu-
lar and uncountable. Fix some large regular § > s and a wellordering
A of Hy. For each b € Hy of cardinality  let Filt” = (Filt’ |a < &)
denote the A-least filtration of b; note this can just be viewed as
(f”ala < k) where f° is some surjection K — b. Let S” be the
collection of X € P,(Hy) such that X < (Hp,€,A,{b}) and X Nk is
transitive; for each such X let ay := X Nk. Let S := {ax|X € S°}.
For each X € S® let ox : Hy — Hpy be the inverse of the Mostowski
collapsing map for X. Since b € X < (Hy, A, €) then Filt’ € X and it
is straightforward to show that X Nb = FiltZX.

Now suppose |trel(b)| < kT (note since we'’re assuming |b| = k, then
this means |trcl(b)| = k). If X, Y are both in S® and ax = ay =: a,
then o5 (b) = oy'(b); this is because X N trcl(h) = Filt™® =y n
trcl(b). Thus the following definition does not depend on the particular
choice of X:

Definition 2. Ifb € H,+ and o € S, b, is defined to be o' (b) where
X is any element of S® with ax = a.. Sometimes we will refer to the
function o — b, as the canonical function indexed by b and denote it
hy.

s

Finally, suppose v € S¥"| (v5]0 < k) is a cofinal sequence in v, and
X € S7. Then X N{vs|d < k} = {v5]0 < ax} and:

J O';(l(V) = N, (ax)
(2) o o (56 < K)) = (B, (0x)|6 < )

3. WEAKLY NORMAL AND NONREGULAR ULTRAFILTERS

Let U be an ultrafilter on a regular uncountable cardinal x. Consider
the class G of partial functions f : kK — V such that dom(f) € U. For
functions f,g € G, f =y g means that {« € dom(f) Ndom(g)|f(a) =
g(a)} € U (ie. ult(V,U) E “[f]lv = [g]v”). The notations f €y g and
f <uv g (if f, g are ordinal-valued) are defined similarly.

4Unless stated otherwise, whenever we specify a sequence (v5]d < cf(v)), we will
always require that it is increasing.
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Definition 3. Let k be a reqular uncountable cardinal, and U a uniform
ultrafilter over k. Let A < k be a cardinal. U is (\, k)-nonreqular iff
whenever A C U and |A| = k then there is a A" C A of cardinality
such that (A # 0.

If Kk = A*, then )\ is clearly the largest possible cardinal where U
might be (A, k)-nonregular. If U is (A, A*)-nonregular then we say it is
fully nonregular.

Just as nonregularity is a weakened version of k-completeness of an
ultrafilter, the following is a weakened notion of a normal ultrafilter:

Definition 4. A uniform ultrafilter U over k is weakly normal iff
whenever f : k — K is a regressive (partial) function with dom(f) € U,
then there is a 6 < k and A € U such that f | A is bounded by §.

If X is regular then the existence of a fully nonregular ultrafilter on
At is equivalent to the existence of a weakly normal ultrafilter on A\
which concentrates on S§+. In fact, every weakly normal ultrafilter
concentrating on Sf is fully nonregular, and any fully nonregular ul-
trafilter projects to a weakly normal ultrafilter in the Rudin-Keisler
order, via a “least unbounded function” modulo the nonregular ultra-
filter; see Kanamori [10]. Also, if U is uniform and weakly normal, it
is easy to see that U extends the club filter.

Lemma 5. (Diagonalization Lemma). Suppose U is a weakly nor-
mal ultrafilter and Xe € U for every & < k. Then {a < kla €
X¢ for cofinally many £ < a} € U.

Note then if f¢ is a function with domain X, € U for each & < &,
then it’s natural to define diagsup_, fe as the function with domain
{a < k|la € domain(fe) for cofinally many £ < a}(€ U) which sends
o = supg, fe(a). It’s easy to see that this diagsup is >y fe for every
& < K.

For the remainder of the section, assume U is a weakly nor-
mal ultrafilter on w, and S? € U.

The proof of Lemma 5.3 in [6] goes through to show:

Lemma 6. There is no collection F of functions such that:
o |F|=ws
o dom(f) € U and range(f) C wy for every f € F

o {& € dom(f) N dom(g)|f(&) = g(€)} is nonstationary for every
distinct pair f,g in F.

The collection F in the statement of Lemma 6 is often called a
“transversal sequence.”
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Corollary 7. There is no pair h,G such that:

e G is an ws-sized collection of partial functions from wy — wo
whose domains are in U,

o For every distinct f,g € G: there are only nonstationarily many
a € dom(f) N dom(g) such that f(a) = g(a);

e h:wy — wy and for every f € G, f <y h.

Proof. For each 3 < w, fix an injective 3 : f — w;. For each f € G, if
a € dom(f) and f(a) < h(a), let f'(a) := Yp@)(f(a)). Then {f'|f €
G} is an ws-sized collection of functions which has the properties listed
in Lemma 6, a contradiction. O

The proof of Corollary 5.4 in [6] shows:
Lemma 8. For every f : wy — wy, thereis a v < ws such that f <y h,.
Finally, the proofs of Lemma 5.5 and Corollary 5.6 in [6] show:

Lemma 9. If ¢f(v) = wy then [h, ]|y is the least upper bound of {[h,]u|T <
v} an ult(V,U).

4. THE BOUNDING CONSTRUCTION

Throughout the rest of the paper, K denotes the core model for non-
overlapping extenders, built under the assumption that 0-pistol does
not exist. Basic facts about O-pistol and K can be found in Chapter
8 of [14]. In particular, K is capable of having a strong cardinal, but
comparisons of mice are still linear. Note that if 0-pistol exists, then
there is a sharp for an inner model with a strong cardinal, so the
conclusion of Theorem 1 would hold and we’d be finished.

Let E be K’s extender sequence, and for each X € P,,(H,,) such
that X < (Hy,,€,F | ws,...) let Ky := o' [K N X], where o is the
inverse of the Mostowski Collapse of X.

Let S be the collection of X € P,,(H,,) such that X < (H,,, €
VA L), ax = X Nwy € S, and Ay := sup(X Nws) € S? (these are
sometimes called sets of uniform cofinality w;). Then:

(3) X Nws is an w-closed set of ordinals for every X € S.

(so ox : Hx — H,, is continuous on cof(w).) To see that (3) holds,
suppose v € S3NLim(X). Since Ax has uncountable cofinality, there is
some ' € X Nws such that v < /. Then there is a bijection g : wy — 1/
such that g € X; since ay has uncountable cofinality, there is a f < ax
such that (¢” ) Nv is cofinal in v. But ¢” 5 C X, so X Nv is cofinal in
v.
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For v € ws consider the set SN.S”. Let S be the projection of SNSY,
ie. S¥ := {ax|X € SN S”}. Note that S” contains an unbounded
subset which is closed under limits of cofinality w;.® Since U extends
the club filter and S? € U (by assumption), then S* € U. For X € S

(4) o% denotes the map ox | h,(ax).

Note that for any X which has the sequence (vs|0 < cf(v)) as an
element,® it holds that h,(ax) = otp(X Nv) = o' (v).

If X,Y are both in S¥ and ay = ay =: a, then X Nv =Y Nv
(they both equal Filt.). So 0% = o}. In other words, the map o¥% is
independent of our choice of X € S¥ with ax = a. So the following
definition makes sense:

Definition 10. If v € w3 and a € S¥, we define 0% as the map o%,
where X is any element of S with a = ax.

Now for any X € S, consider the coiteration of Kx with K. Let Qx
denote the length of the Kx vs. K coiteration, and

<NX77Ti),(jaM;(7’£iX7TX755(7(NZ‘X)*M S] S QX>

(2 (2

denote the objects on the K side of the coiteration; i.e. N;X is the
i-th iterate, 7TZX] the iteration map, pX the iteration index, xX the
critical point, 77 the smaller of the cardinal successors of xX in the
i-th iterates, 6 the maximal segment of N;¥ where 7;¥ is a cardinal,
and (N7¥)* = N ||67.

Since each X € S has an w-closed intersection with ws (see (3)),
Lemma 39 from [2] applies,” so a k"X is not a cardinal in K, the K side
of the coiteration truncates to an w-sized mouse either at stage 0 or
at stage 1, and the Kx side of the coiteration is trivial. Let (5 € {0,1}

denote the first truncation stage. So [(NX)*| < w. Since [(NX)*| <
0 0

wy, and |Kx| < wy, then |(NX)*| < wy for every i € [, Qx), and
Qx < wy. Also, since the Ky side is trivial in the coiteration, we have:

(5) ¥ = 0 (%)

)

for every stage i of the coiteration.
For v € wy and X € S” let K% = Kxloy'(v). Let 0% denote
the least ordinal + such that X is either not defined or is at least

SThis is standard; construct an elementary €-chain (Xs|3 < wy) consisting of
models from S N S¥, such that for 8 of cofinality wi, Xg = Uﬁ,<ﬁ Xg. Then the
projection of this chain contains an wi-club in ws.

Owhere this 7 was the cofinal sequence in v used to define the “official” repre-
sentative h, for the v-th canonical function in (1).

"This was an argument due to Mitchell.



NONREGULAR ULTRAFILTERS ON w» 7

height(K%) = h,(ax). In other words: 6% is equal to the length of
the K vs. K% coiteration, unless the height of K% (which is h,(ax))
indexes an extender in N, ))S( ; in this latter case the length of the K vs.
K% coiteration will equal 0% + 1. Define Ny := Ng . Similarly to
the discussion before Definition 10, if o € S” then the object K% does
not depend on the particular choice of X € S” with ax = a. So the
following definition makes sense:

Definition 11. Ifv € w3 and o € S¥: define K%, N¥,0% as K%, N%, 0%

(respectively) where X is any element of S with o = ax.

Given any v < v/ in ws, K is an initial segment of K* for all but
nonstationarily many a € S?, and neither move in their coiteration
with K. Then the coiteration of K with K is an initial segment of

the coiteration of K with K. This motivates the next definition:

Definition 12. Let v < v/ and o € S*NSY. Let M be any mouse such
that K}X” is an initial segment of M, and let m; ; denote the iteration
maps on the K side of the K vs. M coiteration. WZ’V/ will denote the
(possibly partial) iteration map Ty ov' -

Of course, a priori it could happen that 6% = 6% ; we will see this is
not usually the case.

Suppose v € S5 and t, = (v5]d < wy) is a (not necessarily continuous)
sequence cofinal in v. Pick any X € S™. Then X N {vs|d < wy} =
{vs0 < ax}; so X € S% for every 0 < ax, and X Nys = Filty? . Then

e For every 0 < ax: K% = oy (K|vs) is an initial segment
of K% = oy'(K|v) and the height of K2 is otp(Filt}? ) =
hl/(s (aX);

e The height of K/ is otp(Filt, ) = h,(ax) and K} = s, K&

Since the Kx side of the coiteration is trivial and K% = J;_,, K¥,
then 0% = sups,, 0. This follows from the way we defined the
ordinal 0%; it’s possible that the length of the coiteration of K with
K% is actually 6% + 1, which may happen if h,(ax) = ht(K%) is a
coiteration index. However, we will see later that this does not happen
if K has no overlapping extenders.

Let v < ws. Recall for every a € S¥, o554 is not a cardinal in K and
there is a truncation by stage 1 on the K side. In particular, (N?)* has
cardinality < wy. Let QY denote the collection of all mice which are
iterates of (IV%)* where the iteration is of length < 2; i.e. the collection
of all possible iterates of (N¥)* for at most 2 stages past stage 0% . Let
¢t = sup{height(N)|N € Q!}; note ¢% < ws. Define

(6) Y, 1 SY — ws by a+— ¢,
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The definition of v, implies that whenever v/ is larger than v, ¥, () <
h,(a), and o = ax for some X € S¥ N S”, then the coiteration of K
with K is properly longer than the coiteration of K with K*; in fact,
for such v, 7, and a we have:

e The length of the K vs. K¥ coiteration is at
(7) least 6% + 2
o Ky iy > iy > height(KY) = hy(a).

Now use Lemma 8 to arrange exactly that situation; i.e. run the
“bounding construction” similar to that in [4]. There is a key difference
between the construction here and that in [4]: in the current construc-
tion, we have not yet made any assumptions about the K-strength of
the ordinals in S N K, as this is not needed for the bounding con-
struction. Recursively define a closed unbounded subset D of ws as
follows: suppose some initial segment D of D has been defined. If D
has no largest element, we choose sup(D) to be the next element of
D. Otherwise D has a largest element, say v. Then the next element
of D—which we will denote v*—is chosen so that v, <y h,«; this is
possible by Lemma 8.

Then for every v € D there are U-many « such that ¢, () < hy«(«).
This is the scenario described before (7), so

Here, the symbol ¢ | denotes the (partial) function o — 7. We

will also use the notation {6 ) < Q(Vi)} to denote the set of a such that

both 6%, 0" are defined and 6% < 6% (and similarly for other functions
on wy).

Then for a € {07 ) < 0{")} let s, := Kp, where X € 5" N S”
and o = ay—i.e. the critical point at stage 6 of the K versus K%
coiteration. Note that if 2/ is some element of D which is at least v*
and a = ax for some X € S¥' N S” N SY" then kY is also the critical
point at stage 6% of the K vs. K% coiteration. Similarly define p
as the iteration index at stage 6% of the K vs. K" coiteration. Note
that there may be a truncation at stage ¢%. We will arrange that,
often enough, such truncations do not occur; this is not essential to the
argument but it will provide some simplifications.

The construction of D guarantees that for every v € D:

() hy <v by <v b <ur e
and
(10) hy <v ¥y <v KZ({)H <v HZ% —by def. K{_y <U Py

(=)
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Lemma 9 then guarantees that for every v € Lim(D) N .S3, h, is the
least upper bound of {x{_ |7 € DNv} in the ordering <y. Since clearly
/{‘(’7) >y /{Z—i) for every 7 € D Nv, then

(11) h, <v k{_y for every v € Lim(D) N S3

We will eventually show that whenever R is a stationary subset of
D N S3, there are many v € R such that h, = Koy

Also, we note that whenever v < v/ < v are all in D, then
(12) h, <y Ii(y_) <y hyr.

To see (12): since v* < v/ and (V)" < V" the bounding construction
yields h,, <y /i"(ji) <y Kf(ji) <y h(l,/)* <y h,,//.

Lemma 13. For every v € Lim(D) N S;:

(1) There are U-many « such that 0% is a limit ordinal.

(2) Let t, = (vs|0 < wa) be a sequence of members of D which is
cofinal in v. Then there are U-many o such that
(@) () — supso 2
(b) height(N2) < h,(a) for all sufficiently large 6 < c.

Proof. First prove part 1. Fix any ¢, = (v5]0 < wq) which is a sequence
of members of D which is cofinal in v. Recall that the K7 side of
the coiteration is trivial and 0% = sups_, 0% is the least stage of the
K vs. KY coiteration where the iteration index is at least ht(KY) (or
the length of the K vs. K coiteration, if there is no such index).
For each § < ws, let Bs := {al#% < 67'}; this is an element of
U by (8) (note the least element of D above vs is < vsy1). Then
B = {a]a € Bj for cofinally many 6 < «a} is an element of U by
Lemma 5. Then if o € B, the sequence (0%|6 < a) does not stabilize;
so 07 = sup;s_,0%° is a limit ordinal.

The proof of the part 2 is similar. Fix any (v5|d < ws) which is
contained in D and cofinal in v. By (12), the set Bs := {a|h,,(a) <
Ko ™' < Ry, (@)} is an element of U. By Lemma 5, B := {a|a €
Bs for cofinally many § < a} is an element of U. Pick any o € B; then
hus(@) < ko't < hy,,, () for cofinally many § < a, S0 sups_,/u, (@) <
SUPsoqka ' < Supsoofivs.,(@). But the left and right sides of this last
inequality are both h,(a), so h,(a) = sups k2.

Finally, we find U-many « such that height(N?) < h,(«) for suffi-
ciently large § < a. Let § < w,. The definition of ¢, and the bounding
construction imply height(N("f)) <v Yvs <v hy,,,; and since h,; <y h,
(in fact h,,(a) < h,(a) for all but nonstationarily many o € S?), in
particular Es := {a|height(N%) < h,(«)} is an element of U. By
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Lemma 5 there are U-many « such that a € FEjs for cofinally many
d < a. Then for such a we have height(N%) < h,(a) for cofinally
many 0 < a. Since 6% = sup;. 0% is a limit ordinal (by part 1), then
in fact height(N) < h,(«) for all sufficiently large ¢ < a. O

So (11) and Lemma 13 imply that for all but nonstationarily many
v € 53, if (vs]d < wy) is cofinal in v then there are U-many « such
that:

(13)  supseor = hy(a) <

We will eventually replace the inequality in (13) with an equality (mod
U).

Much of the theory in the remainder of this section is implicit in
[6]. A subtle but important difference, however, is that in the current
paper we arrange that certain properties hold on V-clubs of ordinals in
S3. rather than just on stationary sets; this is essential to the proof in
the later sections.

Definition 14. A system of objects from the winning mouse is a se-
quence of functions S = (Obj/_\|lv € R) where R C S3 is stationary
and for every v € R: dom(Obj_y) € U and Obj(_, €y N,

Lemma 15. Suppose R C Lim(D) NS5 and S = (Obj_y|v € R) is a
system of objects from the winning mouse. Then there is a stationary
R C R, an ordinal T < ws such that: for every v € R' there are
U-many o where

(1) There is no truncation at any coiteration
stages in the interval [07,0%)
(2) Obf. is in the range of the iteration map 77"
(14) (see Definition 12 for the meaning of wl").
(3) The preimage of Obj. by ©wl* appears in the
corresponding mouse strictly below level hxz(ca)
of that mouse.

Proof. For each v € R fix some t, = (v5|0 < wy) which is a sequence

of points in D which is cofinal in v. By Lemma 13, 0% = sup;_,0% is
a limit ordinal for every v € DN S3 (for U-many «); so there is some
6”(a) < a such that a thread to Obj”, appears by stage 6’ and there

are no truncations for stages in the interval [GZ‘W(“) ,0”). More precisely:
letting 0 := 0. then Obj? is in the range of the iteration map Wg(el,
whenever X € S¥ and a = ay. By the weak normality of U, for cach
v € R there is a 6V < w, and a set A, € U such that 0% < 6" for

every a € A ; so the thread to Obj” appears by stage 0> for every
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a € A;,. The point is that for o € Ay, , the superscript on the stage
6:%" no longer depends on a.

Since R C wy is stationary and 6" € w,, there is a stationary R C R
and a fixed § such that 6” = ¢ for every v € R. In other words, for
every v € R and every a € A, , a thread to Obj” appears by stage 0a°.

So for each v € R define the following functions with domain A, :

0" = 0
(15) ¢®’(a) := the preimage of Obj% by 7%

0,08
Lemma 13—specifically the part about height(N;®)—implies for ev-
ery v € R:

(16) ¢ <v hy

Lemma 9 and (16) imply that for every v € R there is a 7(v) < v
such that ¢ <y h;u). So an application of the Fodor Lemma yields
a fixed h; and a stationary R’ C R such that ¢* <y h; for every
veR. O

Corollary 16. For all but nonstationarily many v € D N S3: There
are U-many o such that there are no truncations at any stage in the
interval [0%,60%].

Proof. Suppose to the contrary that there is a stationary R C Lim(D)N
S3, such that for each v € R there are U-many «a with some truncation
in the interval [0%,0%']; let A, € U be the collection of such a. Let
R’ C R and T < w3 be as in the conclusion of Lemma 15. Pick any pair
v < v which are both in R’ and such that 7 < 7 < v* < v (recall the
star superscript indicates the next element of D above the point). Let
B, € U be a collection of o where (14) holds. Now 7 < v < v* < v and
these are all in D, so by (8) the set C := {a|07 < 07 < 67 < 6%} is an
element of U. So A,NB,NC € U, pick any « in this intersection. Since
« € B, then there are no truncations in [07,60"). But this contradicts

) o

that a € A, NC. O

Definition 17. Let & = (Obj_)|v € R) be a system of objects from
the winning mouse. Let R' C R. We say that S lines up on R’ iff for
every v < v in R':

e There are U-many o € S” N S” such that there are no trunca-

tions at any coiteration stages in the interval [07, 60" ]

* 0y <vol,

o Obj_, €y range(m ™))

o RO =u 01
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If we specify that Obj;, := kZ—i.e. if the system of objects from the
winning mouse are chosen to be the first critical point beyond the K
vs. K coiteration—for every v and «, then as in [6] these objects line
up nicely (Lemma 18 below). Later, in Section 6 under the additional
assumption that [“?w; /U] is small, we will choose the objects of interest
to be extenders, and use the small ultrapower assumption to get the
objects to line up nicely.

Lemma 18. Same assumptions as Lemma 15. Let R C R be the
stationary set from the conclusion of that Lemma.

If the system of objects from the winning mouse are just the critical
points (i.e. Obj_y =y K(_y for each v € R) then there is a stationary
R" C R' such that the system lines up on R".

Proof. First define the function ¢” as follows; it is similar to the func-
tion ¢" from the proof of Lemma 15, but this new definition takes
advantage of the fixed ordinal 7 obtained in that lemma:

(17) QE”(a) := the preimage of k% by ng,eg
Then for every v < /' in R': ¢¥ <y ¢"; in fact:

(18) The collection of a such that ¢"(a) > ¢*'(a) is non-
stationary

since whenever X € S¥ N S” then the coiteration of K with K oy 18
an “initial segment” of the coiteration of K with K , so ¢"(ax) <
¢” (o). This uses the fact that the objects of interest are the critical
points of the coiteration; it is where the proof breaks down if the objects
of interest are, e.g., extenders (though in Section 6 we will do exactly

that, with an additional assumption on U).
Then:

(19) (¢"|v € R') is eventually constant modulo U

To see (19): suppose this failed. If v < v/ are in R' and ¢” #y ¢,
then by (18) and the fact that U extends the club filter, the only
possibility is that ¢ <y ¢”". So the failure of (19) implies there is an
unbounded R’ C R’ (not necessarily stationary) such that (¢*|v € R')
is a <y-increasing sequence.

_ For each v € R’ let # denote the least element of R’ above v. Let
¢ = ¢’ | {a € dom(¢”) N dom(¢”)|¢"(a) < ¢”(a)} (note then
dom(¢”) € U). Then ¢* <y ¢” and (18) implies that whenever v < v/

are in R’ then ¢” and ¢” agree at only nonstationarily many points.
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Furthermore, there is a fixed fungtion from wy — wo—mnamely, h-—
which U-bounds ¢” for every v € R'. This contradicts Corollary 7, and
completes the proof of (19).

Let R” be the tail end of R’ on which ¢, are pairwise equal modulo
U. Then R” is the desired set. O

Lemma 19. Assume R C S3 is stationary. Let R" be a stationary
subset of R on which (k{_\|v € R) lines up (such an R" exists from
the conclusion of Lemma 18). Then k{_y =y h, for every v € R" N
Lim(R").

Proof. Fix any sequence t, = (v5]0 < wq) of points in R” which is
cofinal in v. Let A;,, € U be a set which witnesses the conclusion
of Lemma 13. For each § < wy, since vs, v are both in R” and the
system lines up on R”, there is a set A,,, € U which witnesses this
fact (so mlo¥(k%) = kY for every a € A,,,). By Lemma 5 the set
{aa € Ay, N A, for cofinally many 0 < a} is an element of U; for

such a, let I, i= {5 < aln¥(xr) = i} Then rt = " (nif) =
sups. k2 for each 6 € I, (since 1, is cofinal in «). Since o € A;, then
SUPscohie? = (). So kg = hy(a). 0

In particular, since R was assumed to be any stationary subset of S
then:

Corollary 20. k() =u h, for all but nonstationarily many v € S.

Corollary 21. Suppose for each v < ws, b” is a subset of v which is
an element of K. Recall from Definition 2 that b, is defined as oy (b")
where X is any element of S such that o = ax and b € X. Then
b’(’_) €y N(”_) for all but nonstationarily many v € S3.

Proof. Since b € o (v) then by €v 0" (hy (<)) = pK@(ﬁ’(’_)); the
last equality is by Corollary 20. Since the K side of the coiteration
with K is simple (in fact trivial), then pKFﬂ(/i(”_)) - pN(Vﬂ(/#(’_)). So
b, v 9" O (k). O

Corollary 22. Assume b € p*(w3) and R is a stationary subset of S3.
Let b := bNv for each v < ws. By Corollary 21, letting Ry := {v €
S§|b(”_) €u Ny}, R — Ry is nonstationary, so Sy := ((k{_,b(_))|v €
Ry) is a system of objects from the winning mouse.

Then there is a stationary Ry C Ry, on which Sy lines up.

Proof. Let R; be a stationary subset of R, whose existence is guaran-
teed by Lemma 15, and let 7 be the fixed ordinal from the conclusion
of that lemma; so b{_, €y range(r ")) for every v € R,
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Using Lemma 18, refine R further to a stationary R; on which the
critical points align; i.e. such that (k{_)|v € R}) lines up on Ry.

Pick any v < v both in R}; WLOG assume 7 < min(R}). Since
R} C Ry and T < 7 < v, then

(20) by € range(m2") for U-many a.

Let Az, € U be the collection of such «.
Now consider any X € S NSY N S?, and let ox : Hy — Hy be the
inverse of the Mostowski collapsing map for X. Let &« = X Nwy. Then

Vo =b% =ox' (") =0y (bND) =0 (bNvNp) =

B i n ) ox () Aoy (7) = b1 hola)

Let B;, be the collection of such «; note By, is almost all of S} and
is thus an element of U.
Let C5, € U be the collection of a such that

(22) K? = hy(a) and k% = h,(«)

(Note that by Corollary 20 we can WLOG assume that Ky =uv h: for
every T € Ry).

Finally, let D;, be the collection of « such that 7" (k) = k%; this
set is in U because (k{_|v € R}) lines up on Ry.

Then 72%(b%) = b% for any a € Ay, N By, NCy,, N Dy . O

Corollary 23. Same assumptions as Corollary 22; let R) be as in the
conclusion of that corollary. Then for every v € Ry N Lim(R)) and
every sequence s, = (V5|0 < wq) of points in Ry which is cofinal in v,
there is a set G € U such that for every a € G¥ :

h, () = K and for cofinally many § < a:
 huy(0) = 2
o mV (k) = ki,
o mtV(bgr) = by

(23)

Proof. Fix a v € R} N Lim(R}) and cofinal sequence s, = (50 < wa)
(C Ry) as in the statement of the corollary. For each § < ws let GY_,
be the collection of a such that:

o hy(0) = K2

o T (Re) = g

(6
o i (be) = b

Then GY, , is an element of U since the system S, lines up on Ry. By

Lemma 5 there are U-many « such that a € Gs for cofinally many
)< a. O
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If we make the additional assumption on U that |“?w;/U| = ws,
then every system of objects from the winning mouse lines up on a
stationary set:

Lemma 24. Assume U is a weakly normal ultrafilter concentrating on
St and |?w /U| = wy. Then for every system S = (Obj{_\|v € R) of
objects from the winning mouse, there is a stationary R" C R on which
S lines up.

Proof. Let R and T < w3 be the stationary set and ordinal, respectively,
guaranteed by Lemma 15. For each v € R define

¢”(a) = the preimage of Obj” by the iteration map
mr

Recall by Lemma 15 that for every v € R’, there are U-many « such
that the level of the mouse N7 at which ¢(a) appears is strictly less
than h-(«). For each transitive N € H,, fix an injection gy : N — wy.
Let N(7,«) be the initial segment of the mouse N corresponding to
level h:(a). Define

V(@) 2 gni e (07 (@)
Note ¥ (a) is defined for U-many «; so each 9" is a function whose
domain is in U and maps into w;. Since |“?w;/U| = wy and R’ is a
stationary subset of w3, then by the ws-completeness of N.S,,, there is a

stationary R” C R’ such that ¢ =y ¢ for every v,v in R”. It follows
that ¢” =y ¢ for every v, v in R”, and so S lines up on R”. O

For the rest of the paper, D’ will refer to the collection of v € DN S;
such that Koy =u h,; by Corollary 20 D’ is almost all of Sj.

5. PROOF OF PART 1 OF THEOREM 1

As in Chapter 8 of [14], for mice below 0-pistol, 0¥ (x) denotes the
“Mitchell order of x in M”; more precisely, the ordertype of the collec-
tion of v > kM which index an extender with critical point x. oM (k)
denotes the least primitively recursively closed ordinal which is at least
kT and does not index an extender with critical point x. If E is an
extender on the M sequence which has critical point x and is gener-
ated by a single normal measure of M-Mitchell order A\, we will use
UM (k,\) to denote this normal measure. For the rest of the paper,
our background assumption is that there are no extenders on any mice
with two generators; so every extender is generated by such a normal
measure.



16 SEAN COX

Theorem 25. Let b € o (w3) code a wellordering of ws. Then oX (v) >
otp(bNv) for all but nonstationarily many v € S5 (“all but nonstation-
arily many” is in the sense of V).

This could be equivalently formulated in terms of canonical functions
on ws, but we will avoid that formulation to avoid confusion with the
canonical functions on ws which are already in use. We also find a
nice characterization of the measures on such v (Lemma 28). This
characterization will then be used to define a K-ultrafilter on w3 and
show it has the desired properties.®

Let v := otp(b); so v < wy ™. We assume by induction that Theorem
25 holds for all ordinals < 7; i.e. whenever 7 < v = otp(b) then there
is an wy-club Cs,; C w3 in V such that of (v) > otp(b, Nv) for every
v € Cs,, where b, € p(w3) has ordertype 7.

Claim 26. There is an wy-club Csy, C w3 such that o (v) > otp(bNv)
for every v € Csy.

Proof. Fix some sequence (r;]i < cf()) € V cofinal in v; if 7 is a
successor ordinal, say v = 719 + 1, the sequence is just (7). Fix a
large regular 6 > 2“3 and consider the collection C of all Z € P,,(Hy)
such that Z < (Hy, ((1i; Csr,, bry)|i < cf(v)),...) and ZNwy € S3. Let
Csp:={ZnNuwslZ € C} For Z € C let 7y : H; — Hy be the inverse
of the Mostowski collapse of Z. Let vy := cr(nz) = Z Nws.
Now for alli € ZNws =vz, vy € C>Ti.9 So:
o if cf(y) = ws, then vy € Ao, Csr, and otp(bNvz) = sup;.,, otp(b,N
Vz).
o if cf(y) < ws is a limit ordinal, then v; €

otp(b Nvz) = SUpP; () 0tP(br, Nvz)
e if v is a successor ordinal, say v = 7 + 1, then vy € C-, and
otp(bNvyz) = otp(b, Nvz) + 1.

In all 3 cases, o (vz) > otp(bNvy). O

) Csr, and

i<cf(y

Let b := bNv for every v < ws. Note that if v € D' N C’>b, then
ho(a) = K%, p% = ofa(k¥),'° and the Mitchell order of E is at
least otp(b) for U-many «. Furthermore, by Corollary 16 there is no

80ne of these properties is that the Mitchell order of this K-ultrafilter will be
otp(b). Since b was an arbitrary wellorder of w3 in K, this would imply that o® (k) >
kTE where k = wY .

9because Cs,, € Z and so (by elementarity) vy is a limit of Cs,,; since v has
cofinality we, and Cs;, is an wy-club, then vz € Cs ;.

10T his follows from (5).
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truncation at stage 67, so the extender applied by the K side at this

stage is total in VY. In particular:
For every v € C5;, there are U-many « such that
(24) N” has a total extender on h,(«) of Mitchell order

otp(b,)-
So for every v € Cs; the following definition makes sense: define an
ultrafilter W on o (v) by

z € WY iff {a € 5”[2% € UNE(h, (), otp(b}))} € U.

(ie. iff ult(V,U) k= [2"]g € U0 ([h, ]y, [b{ yJv).) Here b, and 2}, are
defined as (¢%)~!(b) and (0%)~*(2) (respectively), for those a such that
b,z € rng(c%) (see Definition 2). For the remainder of the proof, to
cut down on notation we will often just write 0% instead of otp(b%); e.g.
UNa (k% b%) means the normal measure of Mitchell order otp(bY).

It is clear that W is an ultrafilter on ¥ (v). Our goals are to
ultimately show that W® generates K’s extender of order otp(b”), and
to characterize the W""’s in a way that allows us to build a K-measure

on wy of Mitchell order otp(b).
Lemma 27. For all but nonstationarily many v € Si: of(v) > otp(b”).

Proof. Suppose this fails; then there is a stationary R, C Cs; such that
K

o (v) = otp(b”) for every v € R,
Since v € pf(v), then by Corollary 21, S, := ((by k() € Ry)
is a system of objects from the winning mouse. Since the 0" are initial
segments of b, by Corollary 22 there is a stationary R; C R, on which
Sy lines up.
For the remainder of the proof of Lemma 27, fix some v € R N
Lim(R}) and any t, = (v5|0 < ws) which is a subset of R} and cofinal

n v.

Claim 27.1. (v5]0 < wy) generates W ; i.e. z € W* iff vs € z for
sufficiently large 6 < wsy.

(Note we are still proving Lemma 27 by contradiction; the current
claim will not in general characterize the measures W .)

Proof. (of Claim 27.1) Let z € W"; so z(_) €y UM (hy,(—), (_)) by
definition. Recall 67 = sups.,0%° is a limit ordinal for U-many «. So
for such « there is a §(a) < « such that a thread to z, appears by stage
0.2 of the K vs. K, ¥ coiteration. By weak normality of U, there is a
6 such that for U-many «, a thread to z, appears by stage 6a’. So:

(25) For every § € [5,w2): Z(-) €U range(ﬂé’f’)y)-
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We will show v € z for every § € [§,w,): Fix such a 8. Recall that
I@'(V‘s_) =y hy,(—) and Ky =v h,(—). vs and v are both elements of R}
and S, lines up on Ry; so wko¥(bke, kbe) = (bY, k%) for U-many «. And

since z(_) €y UM (hy (=), b(_y) (by assumption), then for U-many o

2o NKY = (70V)7z,) € Z/{N‘Zé(m”‘s b N KY) =

« a o

NYo v, v,
U (ke be?)
Since v5 is in Ry then

bl(’i) =y the Mitchell order of h,,(—) in K(”j)
=y the Mitchell order of K,l(/i) in KE:)

So by (26) and (27), there are U-many « such that z, N h,,(a) is an
element of the measure applied at stage §%—and so h,,(a) € z,—for
U-many «. Pick one such «; then o (h,,(a)) = vs is an element of
0% (24) = 2.

This completes the proof that every element of W% contains a tail
end of the set {50 < wo}. Since W is an ultrafilter on ’(v), then
the converse is also true. O(Claim 27.1)

(26)

(27)

We will complete the proof of Lemma 27 by showing W is on
K’s sequence and has Mitchell order otp(b”); this will contradict that
Ve Rb.

Claim 27.2. {£ < v|oE (&) = otp(bN &)} € WY

Proof. This follows easily from the definition of W% and the fact that
each UM (h,(«),b%) has Mitchell order bY. O

By Corollary 29 from [2], to see that W generates an extender on
K’s extender sequence, it suffices! to show that W is normal with
respect to K and that uwlt(K |5, W) is wellfounded. Let G% € U
be the set from the conclusion of Corollary 23 (recall s, = (v5]6 < wo)
is some sequence which is contained in R; and cofinal in v). Pick an
X € P,,(Hp) with WY € X < Hy and ax = X Nwsy € GZV; there is
such an X because G € U and is thus a stationary subset of S} . Let
ox : Hx — Hy be the inverse of the Mostowski collapsing map. Let
Wx =o' (W"). By Claim 27.1:

Wy is generated by o' (5|6 < wa)) = (hy,(ax)|6 <

(28) orx)

Hunder the assumption that O-pistol does not exist, which we are assuming
throughout.
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Note that o (v5) = b for every § < wsy, and so:
(29) 05% (hy,(ax)) = by for every § < ax.

Let I be the collection of 4 < ay such that (23) holds; since ax €
G?%_ then I is cofinal in ay. Then the definition of I and (29) imply
that the Mitchell order of the extender applied at stage 62 is equal
to otp(by, ), and 72" (b7 ) = by, for every 0 € I. Le. the measure
uy, = UNex (b, (ax), bz, ) in the iterate N is the result of “repeating
a measure” at stages of the form 67 for 0 € I; and the critical point
at each such stage was of the form h,,(ax). So

(30) The measure U, is generated by (h,,(ax)[0 € I).
Since ' (h,(ax)) C p™ex (h,(ax)), then (28) and (30) imply:
(31) Wx = Uy, N " (hy(ax))

(In fact they’re equal; we could WLOG assume there is no truncation
at stage ¢, by Corollary 16.)
Now suppose that either

o W were not normal with respect to K, or
o ult(K|vTE W) were illfounded.

Then Hx would believe the same about Wy with respect to Kx. We
show how to achieve a contradiction if ult(K|v ™5 W*") is illfounded;
if WY fails to be normal with respect to K, the proof is similar. So
suppose ult(K|vT5, W?®") is illfounded. Then by elementarity of oy,
ult(Kx|h, (ax) ™% Wx) is illfounded; let {f,|n € w} € Hx witness
this fact. Since h,(ax) is the largest cardinal in Kx|h, (ax) ™, then
WLOG we assume f,, : h,(ax) — h,(ax). But h,(ax) = &, and
so "X (h,(ax)) € Vox (hy(ax)). By (31), {fu|n € w} witnesses an
illfounded chain in ult(NY, , U ), which is a contradiction because U
is on the extender sequence of the mouse N?_. (In the case where we
assume Wy fails to be normal in Ky, we would contradict the fact that
Uy is normal with respect to NY ) O(Lemma 27)

So K has an extender of order otp(bNv) for all but nonstationarily
many v € S5. This concludes the proof of Theorem 25. Next we
show that, for many v, the extender on v of order b” in K is exactly
(the extender generated by) W?'. This fact will be used later in the
definition of measures on ws.

Lemma 28. Let Csy be an ws-closed unbounded subset of v such that

of(v) > otp(bNv) for every v € Csy (such a set exists by Lemma

*

27). Let Ry, be any stationary subset of C~y. Then there is a stationary
R} C Ry, with the properties:
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o WY is (generates) K's extender with critical point v of order
b for every v € Ry
o Whenever v € R} N Lim(R}) then W has the following char-
acterization:
ze WY iff e e UKV, V) for sufficiently
large V' € v N Ry.

Proof. Let & = (b(_),k(_)lv € Ry); by Corollary 21 S is a system of
objects of the winning mouse. By Corollary 22 there is a stationary
R} C R, on which S lines up.

Pick any v € R) N Lim(R;) and fix any sequence ¢, = (v5|d < wa)
of points in R; which is cofinal in v. So for each § < w, we know K
has a measure of order "% on g, but we don’t yet know that it is just
WP Similarly we know K has a measure of order b on v but do not
yet know that it is W?",

The proof of (32) is very similar to the proof of Claim 27.1, but note
that in the current proof W is being characterized by reflection rather
than by a generating sequence. Very briefly, suppose we are given some
z € W Use weak normality of U and the fact that 67 is a limit ordinal
for U-many « to find a 6* < wy such that z_) €y range(r*}") (and for

U-many « there are no truncations at stages in the interval 6%, 0")).
Then pick any § € [§*, w,). First, since v5 € R, then o (v5) > b*%; this
implies that for U-many «, K% and N’ have exactly the same measure
of order b% on h,,(a), since the index of the measure applied on the
N side is just the least ordinal which does not index an extender on
the K side (see (5)). Moreover, by coherency of the iteration, NX
and N have the same measure of order b on h,,(«). Finally, since
the K5 side of the coiteration is trivial, then K2’ is just an initial
segment of K. To summarize: the mice NZ, N2, and K/ all have
exactly the same measure of order b on h,(a); let Vs denote this
common measure. Then use the fact that vs, v are both in R}, along
with the assumption that z € W', to show that z,Nh,,(a) € Vs; then
applying o yields that zNvs € UK (vs,b*s). This completes the sketch
of the proof of (32).

Finally, we use (32) to show that W is in fact on K’s extender
sequence. The proof is similar to the end of the proof of Lemma 27.
Let G? € U be the set from the conclusion of Corollary 23. Pick
an X € P,,(Hy) of cardinality w; such that ¢, € X and ax € G? ;
again, this is possible because Gfu € U and is thus stationary. Let
ox : Hx — Hy be the inverse of the Mostowski collapsing map of X,
and let Wy = o' (W*"). Let I be the collection of § < ax where (23)

holds; since ay € GZV then I is cofinal in ay. Now for every 6 € I, the

(32)
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measure on A, (ax) of Mitchell order b7 is exactly the same in the
mice Kx, Ny, and NJ_; let Vs denote this common measure. Then the

measure Uy, = U Nax (hy(ax), bz, ) has the following characterization:

(33) z €U, = zNhy(ax) € Vs for all sufficiently
large 0 € I.

The elementarity of ox and (32) imply:

z € Wx < zNh,(ax) € Vs for sufficiently large
0 < ax.

Then (33) and (34) imply
(35)  Wx =UJ, N (hy(ax))

Similarly to the proof of Lemma 27, (35) can be used to show that Wy
is normal with respect to Kx and that ult(Kx, Wx) is wellfounded. So
Wy generates an extender on Kx's extender sequence, and so by ele-
mentarity of ox, W generates an extender on K’s extender sequence
(and (32) provided the desired characterization of W?®").

O(Lemma 28)

(34)

Finally, we build the measures on ws. Fix a stationary R; as in
the conclusion of Lemma 28. Although we will not use this fact, it
is interesting to note that such an R; can be obtained within any
stationary subset of S (see the statement of Lemma 28).

Define a filter £ on o (ws3) by:
ze FPiff znv e W for sufficiently large v € R}/
Claim 29. F° is an ultrafilter on p* (w3).

Proof. Suppose not; so there is a z € p® (w3) such that both Rgvz =
{veR)|znveW"”}and R} . :={v € Rj|z°Nv e W} are cofinal
in w3. At least one of Ry, Ry .. must be stationary; WLOG assume
Ry, is stationary. Then since R} . is unbounded in ws, there is a
v € Ry NLim(Ry..). Fix a sequence ¢, = (v5]0 < ws) of points in R} .
which is cofinal in v. Since zNv € W* and t, C Ry, then Lemma
28 yields that z Nvs € W for sufficiently large § < w,. But this
contradicts that each vs is an element of {,’z O

Using the definition of F® (and the fact that each W is on K’s
extender sequence), it is easy to see that F® is normal with respect
to K, ult(K, F®) is wellfounded, and F® concentrates on the set {¢ <
ws|oB (&) = otp(b N &)}. By Corollary 29 from [2], F? generates K’s
total extender on ws of Mitchell order otp(b).
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6. PROOF OF PART 2 OF THEOREM 1

In this section we make the additional assumption that 2w, /U| =
wy in order to show there is a mouse which has an extender with 2 gen-
erators. We keep all notation from the previous section; in particular
D’ is the set of v € S5 such that h, = K(_y; recall D’ is almost all of
S8,

For v € D', by Lemma 13 there are U-many « such that 6% +2 < 6%
and 0 is a limit ordinal, among other properties; recall v* is the least
element of D above v. For such a, let E¥ denote the extender applied at
stage 0%; recall u” denotes the index of E¥ on NZ’s extender sequence,
and p%, = o« (h,()) (for U-many «). For an ordinal n < p*, = [h(EY),
(EY), denotes the NZ-ultrafilter {z|n € EX(z2)} (i.e. viewing EY as
a hypermeasure, it is the n-th element of the hypermeasure). If 5
is primitive recursively closed then EX|n denotes the extender z —
EX(z) N.

For each v € D' and n < o (v) define a K-ultrafilter W,,,, by:

(36) zeW,, iff z € p*(v) and {a|z, € (E%),.} €U.

Let G := (W, ,|n < o®(v)). G” is a sequence of ultrafilters, though
at the moment it is not clear that G is an extender. Note by the
previous section, K has total extenders on wy , so 0® (v) < w3 for each
v < ws (since we are assuming 0-pistol does not exist; i.e. there are no
overlapping extenders).

Consider any v € D" and any X € S” such that there is no truncation
at stage 6, (recall this holds for U-many «). Let 7x : Hx — Hj be the
inverse of the Mostowski collapsing map of X. Since E¥ is an extender
on the mouse N% and N, Kx agree below their common successor of
cr(Ey,. ), then EY is Kx-correct but is not on the Ky sequence; this

implies:

(37) EY is not an element of Hy.

For each v € D’ define a function s” by:

s”(a) =~ the least ¢ < of«(h,(a)) such that

Ga(Q) # (EQ)c

By (37), s"(a) exists for U-many « and s”(a) < h,x(,) () (for each
v € D'). Since each ultrafilter (EY), for & < h,(a) = cr(EY) is simply
the principal ultrafilter generated by &, it is easy to see that G%(§) =

(EY)¢ for each such £. So s¥(a) > h,(c). To summarize (note we have
not yet used the assumption |“?w;/U| = wy):

(38)

(39) h, <y s” <y hOK(,/) for every v € D'.
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Claim 30. For all but nonstationarily many v € S3: s is not U-

equivalent to any canonical function of the form h, (for some n < ws).

Proof. Suppose to the contrary that there is a stationary R C D’ and
for each v € R, there is an 1" such that s, =y 1y, (= hy). By (39),
we know 0¥ € [v, 0" (v)).

Consider the system S := ((s(_), s"(—)[v € R) of objects from the
winning mouse. By Lemma 24 there is a stationary R” C R on which
S lines up. Fix a v € R” N Lim(R"). Then:

W, v is generated by (n” |/ € R"Nv) (ie. z € W,

4
(40) iff z contains a tail of that sequence).

The proof of (40) is similar to the proof of Claim 27.1. Consider any
sequence (5|0 < wy) of points in R” Nv which is cofinal in v. Pick any
z € p(v). For each «a pick a d() so that a thread to (z), appears
by stage 62’ (in the K vs. K coiteration). By weak normality of
U there is a §* < wy and U-many « such that 6(a) < 6*. Then show
that ¥ € z for every ¢ € [0*,wy); the proof is almost identical to the
proof of Claim 27.1. The only difference is that here we use that x is
an element of (EZ%)p . (a) iff hprs (@) € 727 (2).

Since v and all the v are elements of R” and S lines up on R”, then
for each 0 < wy there is a set A,,, € U such that 72" ((u2,n%)) =
(b, nk) for every a € A, . Also by assumption there is aset B,,, € U
so that hps(a) = s¥(a) and hp(a) = s¥(a) for every a € B, ,.
Let C5 := Ay;, N By, . By Lemma 5 there are U-many « such that
I, = {6 < ala € Cs} is cofinal in «; let C' € U be the collection of
such . Then for every a € C: P, := (h,s(a)|0 € 1) is a generating
sequence for the ultrafilter (EY,)p, . (a)-

Now pick any X < (Hy, €,A,...) such that t, € X and « = X N
wy is an element of C'; this is possible because C' € U and is thus
stationary. By (40) and elementarity of 7y, Qx = 7y ((n"]§ <
wa)) = (hys(ax)|d < ax) and this sequence generates the ultrafilter
T (W) = (3 (G)) (o ().

But P, is a cofinal subset of Qx. Since P, generates (Ef, )n,.(ax)
and Qx generates (7' (G¥))(h,(ax)), then these must be the same
ultrafilter. But h,p(ax) = s”(ax) (since ax € C). This contradicts
the definition of the function s” in (38). O

Claim 30, along with (39), imply that many of the mice in the
coiterations of this paper have extenders with at least two generators
(which is a bit stronger than o(k) = k*T). To see this, pick any
X < (Hyp, €,A,...) such that h,(a) < s*(a), where &« = X Nwy. So in
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particular (EY)p,(a) is an element of Hy and if EY had no other gen-
erator, then the entire extender E? would be an element of Hy, which
contradicts (37).

We also point out the following fact: let 7% < w3 be minimal such
that s¥ <y h,»; by Claim 30, this inequality is in fact strict. Since

SV

>y he for every £ < 77 and s¥ <y Dy, then by Lemma 9 the

cofinality of 7% must be strictly less than ws.
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