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Two “approximation problems” from homological algebra:

Question 1 (Salce, 1970's): Is every cotorsion pair of classes of
abelian groups complete?

o Eklof-Shelah 2003: Consistently, no.
o Cox 2021: Consistently, yes

Question 2: (various, early 2000s) Does every module have a
Gorenstein Projective precover?

e Saroch, Cox, independently 2020: Consistently, yes

Key tool: set-theoretic elementary submodel arguments,
particularly a new characterization of deconstructible classes

Will focus on the solution to Question 2



0 Elementary submodels and algebra



Toy argument

Quotients of free abelian groups are not always free. (E.g.,
7 | 27).

However:

Lemma (freeness “a.e.” closed under subgroups and quotients)

If F is a free abelian group and F € M <5, (V,€), then both

F
NN F and TinF are free.

Proof: By elementarity, there is a B € 91 that is a free basis for F.
Clearly 9t N B is a free basis for 91N F. But why is the quotient
free?

Claim: F = (MNF) @ (B\N). Pf: Suppose z is a nonzero
element of 91N F. Since z, B € 91 < V, it follows that

sprtg(z) € M. It's a finite set, so also sprtg(z) C 9. So z cannot
also be a nontrivial linear combination of members of B\ 1. O
The claim implies 557 ~ (B\ D).



Corollary: if Fis freeand F e Mt <3 (V,€) ...

.. then every morphism with domain 91 N F extends to one with
domain F (and the same codomain):

(MNF)@ (B\MN) - — — — -

J

NNF

Slight elaboration yields the same when “free abelian group” is
replaced by “projective module”.
(Kaplansky’s Theorem)



Where elementary submodels really help

Often encounter (long) exact sequences of projective modules:

If P € M <1 (V,€), define

1M I N
i P A Py 2 g o

Pe IO
Pe | 91 is still exact, by elementarity of 1.

Induces a short exact sequence of complexes of projective modules



Lemma

Suppose:

Q@ P, is an exact complex of projective R-modules; and

Q@ RU{R,P} CN =<1 (V,e).
Then for any module M, applying Hom(—, M) to the short exact
sequence

Op — > Pe [ M—— Po —— Po /Nt —— 0,
yields another short exact sequence of complexes:
0e — Hom(P. [ 91, M) — Hom(P., M) — Hom(P./‘ﬂ, I\/l) <0,

The individual terms (complexes) in the latter can fail to be exact.
But if 2 out of 3 of them are exact, then so is the 3rd ("“3-by-3
lemma" from homological algebra)



Proof sketch of the lemma
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Saw earlier that for any M, every 7w : 9t N P, — M lifts to some
7 Py — M. ("Hom(—, M) preserves exactness of each column.”)
So Hom(—, M) preserves exactness of the SES of complexes.



© Precovers



Classical homological algebra and projective resolutions

Fix a ring R. Given an R-module M, a projective resolution of
M is an exact sequence of homomorphisms

2 ™

P2 Pl \PO /M /0

where each P, is a projective module.

Used to define/compute certain invariants/functors, e.g. to
compute Ext(M, —).

There are many projective resolutions of M, but the computation
of Ext(M, —) does NOT depend on the choice of the projective
resolution!



Homological algebra “relative to the class G" ...

... attempts to do homological algebra, but where some class G is
used instead of the class of projective modules.

E.g., one considers G-resolutions of M:

) T )
G2 > G1

GO /M /0

where each G, € G.

However, in order for these to be useful, one needs that G is a
precovering (“right-approximating”) class.



Precovering classes

(Auslander-Reiten-Smalg; Enochs-Xu)

A G-precover of the module M is a homomorphism
G—>M

such that:

Q@ Geg,; and

@ VG € G Vr' € Hom(G', M): =’ factors through =

G is a precovering class if every module has a G-precover.



Case of interest: G = the “Gorenstein Projectives”

Question ([3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14])

Is the class of Gorenstein Projective modules a precovering class
(over every ring)?

Gillespie [9]: “...the most fundamental question in Gorenstein
homological algebra is whether or not Gorenstein injective
preenvelopes (resp. Gorenstein projective precovers) exist.”

@ Theorem (garoch): Yes, if there is a proper class of strongly
compact cardinals
@ | independently proved it from a proper class of

supercompacts. My proof generalizes to other variants too
(e.g. the Ding Projectives, the X-Gorenstein Projectives).



© Deconstructibility: a sufficient condition for precovering



Deconstructible classes

Definition (Eklof, Enochs, Trlifaj)

A class C of modules is k-deconstructible if for every C € C, C
can be written as the union of some C-increasing and C-continuous
chain (C¢ : & < () such that Cp, and each Cei1/C, is:

@ inC; and

@ is < k-generated.
C is deconstructible if it is x-deconstructible for some k.

Theorem (Saorin-Stovicek, Rosicky, others?): Deconstructible*
classes are precovering.



A new “top-down” characterization of deconstructibility

Theorem (C. [1])

If k is regular uncountable and R is a ring of size < k, the
following are equivalent:

@ C is a k-deconstructible class of R-modules.
@ Whenever R € M <1 (V, €) and M Nk is transitive, then

v (CenNnC = MNNCeC and ¢ eC).
mncC

A cleaner (in my opinion) version of “Hill's Lemma".



Deconstructibility and Stationary Logic

So “C is k-deconstructible” (roughly) means

“clubd VC | Cenne = MncecCand < _cc|
=" 3nc
0 (i)

@ Large cardinals often give stat-many 9 s.t. (i) holds.
e But how to get club-many? And what about (ii)?
e Both issues taken care of if C is "eventually a.e. closed under
quotients”



Eventual a.e. closure under quotients

Definition (C. [1])
We say C is eventually a.e. closed under quotients if for all
large enough regular k,

C
lub, M VC ( (C C .
club, M v (( ENNC A NNCeC) — mmc“)

© The Gorenstein Projectives always have this property (in ZFC;
basically the earlier lemma about complexes induced by 91 and
the 3-by-3 lemma).

@ Deconstructibility implies eventual a.e. closure under quotients
(easy, using the new characterization of deconstructibility).

@ Assuming Vopénka's Principle, the converse holds!
@ (In particular, when C = Gorenstein Projectives)



Main applications and open problems

@ (C. [1]): VP implies deconstructibility of (e.g.) the class of
X-Gorenstein Projectives (for all X and over all rings)

@ (C. [2]): CON(VP) implies that Salce's Problem is
independent of ZFC

Is VP, or any large cardinal at all, needed for these?
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